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Abstract 

A previous estimate of the quark condensate in one-flavour mass- 
less QCD from the known value of the gluino condensate in super 
Yang-Mihs (SYM) theory is extended to Nf > 1 by considering the 
large-A hmit of an SU{N) gauge theory with one flavour in the an- 
tisymmetric representation and nj = Nf — 1 extra flavours in the 
fundamental representation. We argue that, even at 7^ 0, suitably 
chosen correlators in this theory can be mapped to those of SYM as 
N ^ 00. We give arguments why this correspondence should be par- 
ticularly good for Nf = 3 and compare our prediction with available 
(real and Monte Carlo) data. 



1 Introduction 



There is overwhelming evidence that QCD is the correct theory of strong 
interactions. The vahdity of QCD is confirmed by comparing with data its 
predictions for short distance (hard) processes, where perturbative calcula- 
tions can be reliably performed. On the other hand, it is very difficult to 
carry out reliable analytic calculations in the non-perturbative large-distance 
regime. In supersymmetric theories the situation is much better, due to holo- 
morphy. In particular the gluino condensate [1] can be evaluated exactly in 
J\f = 1 super Yang-Mills (referred to in the following as SYM theory) 

A while ago, a large- hmit [2, 3] that enabled to calculate the quark 
condensate in one-flavour QCD [4] was suggested. The results were summa- 
rized in the review paper [5] (where new results and new ideas are included 
as well). The idea is to view the fundamental representation of the SU{3) 
gauge theory as a two-index antisymmetric representation. The next step 
was to generalize to SU{N) and then to take the large- iV limit. At large 
A^, the theory with an antisymmetric fermion was shown to be equivalent to 
SYM in its bosonic sector. Since the exact value of the gluino condensate in 
known, it was possible to copy its value to the non-supersymmetric theory 
under consideration. Therefore, up to 1/A^ corrections (of order 30%) it was 
possible to estimate the value of the gluino condensate in one-flavour QCD. 

Following this development, several other works that concern the orien- 
tifold large-A" equivalence were published. In [6, 7, 8] the emphasis was put 
on phenomenological aspects and in [9, 10] on the relation with string theory. 

The purpose of this letter is to generalize the previous analysis to multi- 
flavour QCD and in particular to discuss massless three-flavour QCD. The 
idea is the following. Consider an SU{N) gauge theory with one Dirac 
fermion in the two index antisymmetric representation and Uf additional 
Dirac fermions in the fundamental representation. We name this theory 
QCD-OR'. For A^ = 3, QCD-OR' becomes muhi-flavour QCD with Nf = 
Uf + 1 fundamental flavours. This model, when n/ = 2, was considered in 
the past [11], with a different motivation. When A^ — > oo (while n/ is kept 
fixed) we can neglect the extra fundamental fiavours inside the loops and the 
theory becomes again supersymmetric in its bosonic sector. 

The largc-A^ prediction for the quark condensate of multi-flavour QCD 
coincides, therefore, with the gluino condensate of A/" = 1 SYM. However, 
while both one-flavour and multi-flavour QCD approach M — 1 SYM at 
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large A^, the corrections are different in the two cases. Although we 
cannot fully control these corrections, we will do our best to estimate them. 
Moreover, we will present arguments that, in a suitable sector, three-flavour 
QCD may be even closer to SYM than one-flavour QCD. 

The manuscript is organized as follows: in section two we will discuss 
the planar equivalence of QCD-OR' and SYM at large-A^. In section three 
we will discuss the issue of how to match the gluino condensate with an 
appropriate condensate of QCD-OR'. In section four we will use the claimed 
correspondence to calculate the quark condensate in massless three-flavour 
QCD and we will compare our prediction with available "data" . 

2 Planar equivalence and multi-flavour QCD 

Consider an SU (N) gauge theory with one Dirac fermion ^ in the two- 
index antisymmetric representation and Uf Dirac fermions Xi the funda- 
mental representation. While at large N the fermions Xi are suppressed, their 
presence will affect the flnite-A/^ theory. According to planar equivalence, at 
large A^ a theory with an antisymmetric fermion is equivalent to A/" = 1 SYM 
in a certain 'common sector'. Assuming indeed that fundamental matter can 
be neglected at large A^, QCD-OR' theory interpolates between SU (3) with 
Nf — Uf + 1 flavours and J\f — 1 SYM as we increase A^ from three to 
inflnity. Below we present arguments in favour of the equivalence between 
large-AT SYM and QCD-OR'. 

The partition function of QCD-OR', after integration over the fermions, 
reads 

^OR = J DA^exp{-SYM[A]) det{i p) , 

det {l P) = det{t ^+ r {T^nti © T^und © T^und © - © Tf^nd)) ■ (1) 

^ ^ ' 

Uf times 

The fermionic determinant can be expressed in terms of Wilson loops [12]. 
In [13] such an explicit construction was used to prove that 'orientifold field 
theory' is equivalent to Af = 1 SYM at large N'^. Let us extend our previous 

lattice version of that proof was communicated to us by A. Patella, to appear. 
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proof to the present case. We first define T[A] = logdet (i p). Next, we use 
the results of [12] to express T[A] in terms of Wilson loops 

X J VxVip exp I - ^ dr (^x^x^ + 

X TrVeicpf^iJ^ dr (^A^x'' - ^^F^^V^ | , (2) 
where A = A-{T-^,,(BT%^a © T]^nd ® - © T%^d) and similarly F,, = F;,(ri,,( 



nr times 



Tfund © 'Ffund © ••• © Tf^nd)- The key ingredient is that a Wilson loop with 



rif times 

quarks in the adjoint /antisymmetric representation can be written as 
tr exp i J A" T^aj. = 2(tr C/tr C/^ - 1) , 

trexpi J >l"ri,, = ^((trC/f -tr[/2) + i((trC/tf -tr(C/tf) ,(3) 

where tr U denotes a Wilson loop in the fundamental representation. 
Moreover, at large- iV, 

{trUtrU^ - 1) ^ trUtrU^ 

(tr Uf - tr + (tr U^f - tr {U^f ^ (tr + (tr U^f , (4) 

since (trf/)^ ~ 0{N'^) while trC/^ ~ O(A^). Using the above relations (4), 
one could prove [13] the coincidence of the connected part of Wilson loops 
correlators in large- SYM and 'orientifold field theory', 

{WadjWadj.---^adj.) conn. = {^anti^anti- ■■^anti) conn. ■ (5) 

The coincidence of the Wilson loops (5) led to the conclusion that the 
fermionic determinants of SYM and 'orientifold field theory', and hence also 
the partition functions of the two theories, coincide. 
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We can argue that in the present case our previous proof holds by using 
the following identity 

tr expi / A"' {T^nti ® '^fund ® ^/und ® ■■■ ® fund) — 
J ^ ^ ' 

Uf times 

\ ((tr U f - tr U^) + i ((tr U^ f - tr {U^ f) + n/tr U + n/tr . (6) 

It is obvious that, as expected, the relation with the large- A?" SUSY theory 
is not spoiled, since trC/ is 0{N), while {trUf is 0{N'^). Namely at large 
N (and n/ fixed), 

- ((trt/)2 - trt/2) +n/tr[/ ^ ^(trt/)^ , (7) 
and therefore, as in (5), 

{WsYMWsYM---WsYM)coan. — (WqCD-OR'WqcD-OR' --WqcD-OR') conn. ■ 

(8) 

Moreover, at finite N we can hope for an improved equivalence with 
respect to the one- flavour case since both trC/^ and 2n/trC/ are 0{N), and 
contribute to (6) with opposite signs. It is interesting to notice that, precisely 
for n/ = 2, the first non-trivial contribution of the Wilson loop (the one 
proportional to the YM action) is exactly the same in the QCD-OR' and in 
SYM theory. 

In order to relate the gluino condensate of jV" = 1 Super Yang-Mills 
with the quark condensate of QCD-OR', we need to couple a source to an 
appropriate quark bilinear and check for a coincidence at large A^. The proof 
of planar equivalence holds also in the presence of such a source. In the next 
section we discuss the precise form of the matching between bilinear fermion 
operators in SYM and QCD-OR'. 

3 Matching correlators in QCD-OR' and SYM 

Naively, the presence of extra fermions in the fundamental representation 
should not spoil the large- convergence of QCD-OR' towards SYM. How- 
ever, the situation is actually more subtle. There is no dynamical breaking 
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of a continuous chiral symmetry in SYM, since its classical Ur{1) symmetry 
is anomalous. By contrast, QCD-OR', at generic N ^, has a non-anomalous 
SU{nf)L ® SU{nf)ji (8) U{l)v (8) U{1)a symmetry whose expected dynamical 
breaking down to SU{nf)v ® U{l)y gives rise to massless Nambu-Golstone 
(NG) bosons. How can a theory without a mass gap (QCD-OR') be equiva- 
lent to a theory with a mass gap (SYM)? Moreover, how best can wc match 
condensates in a theory (SYM) with discrete vacua with one (QCD-OR') 
with a continuous vacuum manifold {S^ x 5"^ for n/ = 2)? 

The answer that we propose is similar, in spirit, to the one already given 
[2, 13] as a limitation to planar equivalence even at = 0. It was argued 
that planar equivalence should only hold in a certain bosonic sector of the 
theory. In the case at hand we will have to further restrict this bosonic 
sector by excluding, for instance, external NG bosons or sources coupled to 
them. If the external particles or sources are decoupled from single NG- 
bosons then such bosons can only be pair-produced and this is, generically, 
a subleading effect. As a result, the two theories should become equivalent 
within that 'good' sector in the planar limit^. The purpose of this section is 
to find (at least part of) this restricted sector and, in particular, to identify 
a combination of and XX that coincides with the gluino condensate of 
M = 1 SYM at large- iV and should admit a smooth large-A^ limit, i.e. one 
that commutes with sending the masses of the new fermions to zero. 

Clearly all the non-abelian flavour currents of QCD-OR' are not in the 
'good' sector. Out of the classical U{1)a currents of QCD-OR' , 

"/ 

4? = ^7m75* , J^ji = Yl ^i7M75Xi , (9) 

1=1 

we can construct the non- anomalous conserved current: 



For N = 3 and n/ = 2 this coincides with the usual octet 'r/- meson' current of 
ordinary three-flavour QCD. We will keep calling r] the NG boson associated 

^For N = 3 the symmetry gets enlarged to the standard SU{nf + 1)l ® SU{nf + 1)r<^ 
U{l)v while at = 2 it becomes SU{2nf). 

•^Even then it is possible that for certain quantities (e.g. the topological susceptibility) 
the planar limit (N — > oo) and the chiral limit will not commute. 
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with the spontaneous breaking of the chiral symmetry induced by (10). Let 
us also define the two 'decay constants' 

{0\jS^\v) = tq,F^ , (0|4? = zq,F^ . (11) 

The true rj decay constant is obviously given by: 

(0| Jis^lr?) = tq,F, , F, = - -j^F^ (12) 



Notice that is 0{N) while F^ and F^ are 0{VN) as usual. 

Now, while the conserved current J^^ and thus F^^ are RG-invariant, 
this is not the case for each individual anomalous current in (9) and for 
the corresponding decay constants in (11). Indeed the latter are not only 
scale-dependent but also mix under changes of the renormalization scale. 
Using RG-invariance of two non-gauge invariant conserved currents, it may 
be shown that renormalization/mixing take the simple 'factorized' form: 

jj^In = J]11b + «i X] Cjf^^B ' F^ = Pj^^ + ^ CjF^^ , (13) 

j j 

where here i — , x), are the anomaly coefficients (a^ = 2(A'" — 2),a^ — 
2np), and Cj arc some renormalization coefficients that one can compute 
order by order in perturbation theory. (Here, the suffices r and b denote 
renormalised and bare quantities respectively.) 

Let us consider now a linear combination of the currents (9) that decou- 
ples from the 77: 

where 5 is a normalisation constant to be fixed in a moment. The anomalous 
current J^g'* has two interesting properties: 

• One can easily show, using eqs.(13), that j'^^ is multiplicatively renor- 
malized: 

J% = {l + a,c,)J%, (15) 
and thus its decoupling is scale-independent. 

• The anomaly-coefficient for J^g^ is just 2B, i.e. 

d>^j\2 = 2BQ , (16) 
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As a result, if we fix i? = iV the decoupled current J^^ will have exactly 

the same anomaly coefficient as the current in SYM theory. (This also 

ensures that the two-point function (jjj^^jif) is 0{N'^) just like {JI^JI"^^)-) 
It therefore seems compelling to map these two currents into each other in 
the large- A?" limit. With this normalisation, we can rewrite jj^ in the useful 
form 

The overall normalisation factor (1 — will play a key role below. 

Identifying pseudoscalar and scalar operators in the QCD-OR' theory to 
match with the components A75A and AA of the chiral superfield S^^^ in SYM 
is less clear-cut. In particular, the anomalous Ward identities fix the depen- 
dence of the condensate (S''-^-*) on the vacuum angle 9 as e*^/^, where the fac- 
tor of is directly related to the occurrence of the A^ discrete vacua in SYM. 
A similar analysis applied to QCD-OR', however, shows that the condensate 
corresponding toU — ^^'-|-i^75^ has a ^-dependence exp[i-^^(l-|- j^^)] 

while that for V — xx + ^XTsX is 6xp[i^(l — ^)]. The presence of the de- 
cay constants in the phase is unusual and reflects the fact that in QCD-OR' 
a NG boson couples to an anomalous U{1) current. However, recalling the 
deflnition (12) of in terms of Fi^, and F^, we see that if we construct the 
combination T = U'^~'^detV we obtain an operator whose condensate has the 
correct 6'-dependence, (T) ~ e'^ to match the one of S^^^^ in SYM (while 
dimensions only match at Uf — 2). Moreover, we can easily check from the 
Ward identities that T, being a singlet under the conserved U{1), decouples 
from the NG boson, {0\T\ri) = 0. 

At flrst sight it appears that this operator has all the desired properties for 
its expectation value to match {S^^^^) of SYM. However, planar equivalence 
holds only for diagrams with a fixed number of external legs, and this is not 
the case for correlation functions of T, which involve diagrams with 0{N) 
external legs. If we had a large- A^ estimate of the ratio of (T) to {S^'^^^), each 
one in units of their respective RG-invariant scales, we could use factorization 
to arrive at the ratio of the bilinear condensates. Unfortunately, we see no 
way, at present, to proceed along these lines: it would imply performing a 
reliable instanton calculation in QCD-OR' , similar to the one that gives the 
exact condensate in SYM. But then we would have already reached our goal 
without going through the planar correspondence! We shall proceed instead 
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in the opposite way: we will discuss planar equivalence (and corrections 
to it) directly in terms of bilinear condensates, then use factorization to 
reconstruct (T) , and see whether the outcome makes sense in the light of the 
discussion given above. If this is the case, we shall consider our QCD-OR', 
SYM condensate relation to be reasonable, and use it at A?^ = 3 to obtain the 
quark condensate in QCD. 

A decoupled pseudoscalar bilinear is easily obtained by expanding T 
about its VEV: 



P(d) = C 



fif (^^) 

*T5* + ^yX7.X. (18) 



where C is a normalisation constant which we may take as 1 + 0(l/iV). 
P^"^) is bilinear in the QCD-OR' fields \l/ and x maps naturally onto 
the operator A75A in SYM in the large N limit, where the additional term 
proportional to X'JbX is subleading. We can also verify, directly from the 
Ward identities, that it decouples from the NG boson, {0\P^'^^\r]) = 0. It 
therefore satisfies most of the properties we want in order to match to A75A. 
However, we have to recognise that this still represents a compromise, since 
at 0{1/N) the ^-dependence of the corresponding VEV no longer matches 
that of (S) , reflecting the fundamental difference in the vacuum structure of 
SYM and QCD-OR' at finite N. 

Using jjj^ and P*^'^^ to match the corresponding operators in SYM, it is 
natural to match the SYM condensate"^ (AA) = (A^A"'") with the condensate 
(S^^^) arising in the anomalous Ward identity 

P^"^^) = 2N{Q P('^)) + 2{S^'^^) (19) 

Recalhng the form (17) of the decoupled current, we readily find 

N 

N^2j ' iV-2P, (XX) 



5(<^) = C 



(20) 



where we stress that the second term in the square brackets, which is the 
variation of P'^'^^ corresponding to the conserved current, necessarily has a 
vanishing VEV. We see, therefore, that although the operator S^'^^ is a linear 
combination of '5'^ and xXj the appropriate condensate {S^'^^) in QCD-OR' 

^Notice that from this point on, we revert to using Weyl notation for the gluino. 
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to be matched to (AA) in SYM is simply (^^) itself, up to an important 
normalisation. The overall factor (1 — j^)^^ in (20) is just the normalisation 

factor defining the decoupled current jj^ . It has a clear physical significance 
related to the vanishing of the condensate {^^) a,t N — 2, where the anti- 
symmetric representation fermion becomes a colour singlet. Unfortunately, 
we have no such clear argument for the normalisation factor C for P^''). 
Consider therefore, as in [4] , the ratio of ratios 

_ {m)nGl/Al^> _ A 2 \ 1 (5W)^G7/ASil' 



where planar equivalence and the above identification of {S^'^'') with the gluino 
condensate (AA) ensures that K — 1 + 0{1/N). As in ref.[4], it is convenient 
to write 

K{l/N, Uf) = (l - I) M^/N, Uf) (22) 

where we explicitly display the normalisation factor arising from J*^'^-' but ab- 
sorb the unknown normalisation C from P*^'^'' into i^*. We will then argue on 
more general grounds how the 0{1/N) corrections to may be constrained. 

Before we match the condensates of the two theories we wish to explain 
our conventions. Our slightly unconventional two-loop A parameters are 
defined in terms of the renormalization scale ^ and the 't Hooft coupling 
m ^ ^ by: 

A = ,(A(,))-^exp(-^) (23) 

where /3o and /3i are the one and two-loop beta function coefficients, respec- 
tively (for discussion of the subtraction scheme see ref.[4]). We also use the 
following standard convention for both QCD-OR' and SYM: 

^ tr F'^ + iqpq, (24) 



'29 

{q here can be either \E', x, or A) and define a renormalization group invariant 
quark condensate as follows 

{qq)RGi={{X)^oqq), (25) 
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where 7 is the one-loop anomalous dimension coefficient for the fermion bi- 
linear. Note that for SYM, 7 = /3o = 3A^. In these conventions [1]: 

(AA)i.G/ _ .... 
Putting all this together, we end up with: 

Before proceeding to estimate let us check whether eq.(27) gives some- 
thing reasonable for the corresponding ratio of (T) and (S^^^^) . Let us define: 

^-^^--^,K{1/N,nf), (28) 

with K{l/3,nf) = K^{l/3,nf) but where K{0,nf) need not necessarily be 
1. Using factorization^ we would predict: 

(T)/Agg+"^-^) = K^-^ K^f N-f - 2)"'"' i^^-^i^"^iV"^ (A^-2)! 

(29) 

Is this result compatible with the assumption K^,K 1 a,t large Nl We 
believe that it is. In particular, an (N — 2)! is known to originate from dis- 
tributing the 2N gluino zero modes among the 2N fermions appearing in the 
correlator {S^^^^) [14]. In the QCD-OR' case a similar argument applied to 
(T) would naturally produce an (A^ — 4)! corresponding to the smaller num- 
ber of ^ zero modes contributing to that correlator. Notice that the number 
of fermionic zero modes is independent of the single-instanton approxima- 
tion. It depends only on the topological charge of the gauge configurations 
contributing to (S^^^^) and (T). 

We finally turn to estimating K^, and K. Up to order l/N"^, K has the 
general form 

Km,n,)^l^"-^^'-^^±^ (30) 



^Factorization is exact at large A'' but it also expected to be a good approximation 
at finite A'' provided the bilinear condensate is dynamically favoured over multifermion 
condensates. 
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Implementing the condition that K vanishes at = 2 for all nj imposes 
three constraints on the parameters a, . . . e, including e = 0. At this order, 
we can therefore approximate by 

X.(l/Ar,n,) = l + ^ + ^, (31) 

In order to estimate the size of a and 3 we use the following argument. 
The QCD-OR' theory loses asymptotic freedom and becomes IR free when 

9 

nf> -N + 2 = nAF (32) 

It is clear that all condensates should vanish for such large values of Uf. 
This is implemented in (27) by the vanishing of A-or' when /So = (see next 
section). On the other hand, even in the range with n/ < uafi the theory, 
while still asymptotically free, develops a non-trivial IR fixed point [15] . It is 
reasonable to parametrize the lower limit new of such a 'conformal window' 
{new < ^/ < nAp) as: 

new = aN + b , (33) 

and to assume that all condensates go to zero as — > new- We implement 
this condition directly in K^{l/N,nf). 

Within these approximations, we easily find the following unique solution 
for and K: 

K^^k= (l-±^[nf-h)). (34) 

which shows clearly that the value of the condensate decreases with an in- 
creasing number of fiavours. 

Together with the factor [1 — j^) in (22), this gives an expression for K 
which implements the two constraints we have on the condensate - vanish- 
ing at = 2 where the antisymmetric representation degenerates to a colour 
singlet, and the existence of a conformal window - along with planar equiva- 
lence, which fixes the large-A?^ hmit X(0,n/) = 1. For fixed n/, we therefore 
have information on K{l/N,nf) at three values of N. Combining (22) with 
(34) fits this 'data' with a quadratic form, which we may expect to be a good 
approximation. 
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Expectations^ for a and h are around 2 ± 1 [16]. Inserting a = 6 = 2 in 
(34), our final result for the three-flavour QCD condensate, iV = 3,n/ = 2, 
becomes: 

^^^^^ = --^ if (1/3,2) ~ -0.15 ±0.05 (36) 

^OR' ^TT 

The error arises from the uncertainty involved in the truncation of K and 
the values of a, h determining the conformal window. Notice, however, that 
the latter is minimised for n/ ~ 6 ~ 2. We conservatively estimate the total 
error as 30%. 

In the following section, after giving some more arguments why the case 
Uf = 2 should be particularly favourable, we turn to a discussion of the 
comparison of our prediction with real and Monte-Carlo data. 



4 Quark condensate in massless three-flavour 
QCD 

So far we have considered QCD-OR' for general n/, which reduces to 
multi-flavour massless QCD at = 3. We now speciahse to n/ = 2 and 
estimate the quark condensate in three- flavour QCD. We restrict ourselves 
to three flavours, since it is both the most interesting case from the phe- 
nomenological point of view and since our approximation is expected to be 
optimal when n/ = 2. The reason is the following: as we shall see, the cal- 
culation of the condensate is sensitive to the value of the one and two-loop 

^There is no easy criterion for determining the lower boundary of the conformal window. 
However, in rcf. [16], Gardi and Grunberg discuss one criterion, based on the analyticity 
properties of the coupling as determined by the beta function, which is simple to estimate. 
With our conventions (see section 4), this condition is — /3q/2/3i > 1. For QCD with Nf 
fundamental flavours, this gives Njcw — 3.2N. This is higher than some lattice estimates 
[17], which give Nfcw — 7 for = 3. Nevertheless, we may use the analyticity criterion 
to get at least a rough estimate of new in QCD-OR'. For QCD-OR', with one fermion in 
the antisymmetric representation and n/ fundamentals, the beta function coefficients are 

/3o=3iV-^(n/-2) /3, = 37V2 + 2iV-A_(^^Ar__L^(n/-2) (35) 

We can then show that the condition — 2/3i ~ (3^ is approximately satisfied for A'' > 3 by 
Uf = aN + b with a ~ 2, 6 ~ 2.6. 
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beta function coefficients. For Uf = 2 the one-loop beta function of QCD- 
OR' is Po = 3N, exactly as in A/" = 1 SYM. The two-loop beta function is 
Pi = 3N^{1 + 2/(3iV) - 1/N^), which is very close to the value of the SUSY 
theory = 3N'^). The underlying reason is as follows: the Dynkin index of 
a certain representation reflects the number of degrees of freedom that run in 
the vacuum polarization loop. For the adjoint it is N, while for the antisym- 
metric representation it is ^{N — 2) and for the fundamental representation 
it is I . Since we have a Dirac fermion in the antisymmetric and two Dirac 
fermions in the fundamental we get (N — 2) + 2 — N. In this sense, the 
physical degrees of freedom in our model are the same as those of an adjoint 
Majorana fermion. Similarly, we saw in section 2 that the expectation value 
of a Wilson loop in QCD-OR' might approach the expectation value of a 
Wilson loop in SYM with rather mild 1/N corrections when Uf — 2. 

Let us proceed to the calculation of the quark condensate. Our conclusion 
from the last section is that for SU{3), 

{m)nGi ^ -^Aofl' (37) 

In order to compare the value of the condensate to lattice predictions, it is 
useful to write (37) at an arbitrary scale /i. Using our previously introduced 
definitions gives: 

(«). = -i'''(A(/.))"*"t-p(-^). (38) 

For three-flavour QCD the relevant values are Pq = 9, Pi = 32, 7 = 4. 

In order to calculate the condensate (38) we need to know the value of 
the 't Hooft couphng A at a scale n that we choose to be = 2 GeV. The 
Particle Data Group [18] quotes 0:^(2 GeV) = 0.31 ±0.01 which corresponds 
to A(2 GeV) = 0.148 ± 0.010. We therefore choose to plot the function 

('l'^)2GcV 3 3 M / 1\ 

^-^ = -— 2A ..exp(--j, (39) 
in a range of A. The results are presented in fig.(l). 
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Figure 1: The quark condensate expressed as —{y MeV)^ as a function of 
the 't Hooft couphng A. The ±lcr range of the couphng, 0.138 < A < 0.158 
and the lattice estimate —(259 ± 27 MeV)^ define the shaded region. 

The sohd hne in fig.l shows the condensate (^\l/)2GeV evaluated from 
(39) as a function of the 't Hooft coupling A (2 GeV). With the central value 
A = 0.148, we find 

{^■^)2GeN = - (317 ± 30 ± 36 MeV)^ (40) 

Here, we have included an error ±30% in the condensate due to the uncer- 
tainties in estimating K discussed in the previous section. This is indicated 
in the plot by the dashed lines. The second error shown in (40) reflects the 
±lcr range of the experimentally determined coupling. 

We can compare this result with estimates from lattice QCD. Up to now, 
these have mostly been performed in the quenched approximation with over- 
lap fermions, with the condensate either evaluated directly or deduced from 
mass ratios using the Dashen-Gell-Mann-Oakes-Renner (DGMOR) rela- 
tion. Two recent results in this category are those of Giusti et al. [19] 
who find —(267 ± 16 MeV)^ and Wennekers and Wittig [20] who quote 
— (285 ± 9 MeV)^. A recent analysis using dynamical fermions has been 
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given by McNeile [21] using MILC data for mass ratios together with the 
DGMOR relation. He finds -(259 ± 27 MeV)^ (Ref.[21] also contains a 
useful compendium of previous lattice estimates.) This is the result shown 
in the shaded band in fig.l, extended across the la range of A (2 GeV). 

It is apparent from these comparisons that our method tends to slightly 
over-estimate the condensate compared with the lattice evaluations, at least 
within the la range of as{2 GeV). A lower coupling would obviously ease 
the agreement. It is also clear that both methods still have significant un- 
certainties. However, bearing this in mind, the degree of agreement is ex- 
tremely encouraging, especially when one remembers that we are calculating 
a non-perturbative quantity in QCD from first principles using entirely an- 
alytic methods. In conclusion, we find this result very promising for the 
programme of exploiting our knowledge of exact results in supersymmetric 
gauge theories to calculate non-perturbative quantities in QCD itself. 
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